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When α = 12 , it is clear that Corr
1/2
ρ (A,B) = Corrρ(A,B) is said correlation




Varρ(A)2 − (Varρ(A)− Iρ(A))2.





We introduce some notations. Mn(C) is the set of all n× n complex matrices,
Mn,sa(C) is the set of all n× n self-adjoint matrices, Mn,+(C) is the set of all
n×n positive semi-definite matrices and Mn,+,1(C) is the set of all n×n density
matrices. We remark that the usual trace Tr(A) has the following properties:
(1): Tr(AB) = Tr(BA)
(2): A ≥ 0 =⇒ Tr(A) ≥ 0
(3): Tr(A∗) = Tr(A)
(4): Tr(αA+ βB) = αTr(A) + βTr(B) for all α, β ∈ C
(5): Tr(A)Tr(B) = Tr(B)Tr(A)
2. UR for Non-Tracial Positive Linear Maps
We consider the mapping Φ : Mn(C) → Mm(C) which is an extension of
usual trace Tr(A) for A ∈ Mn(C). We assume that Φ satisfies the following
conditions:
(1): Φ(AB) = Φ(BA) (tracial)
(2): A ≥ 0 =⇒ Φ(A) ≥ 0 (positive)
(3): Φ(A∗) = Φ(A)∗ (∗-invariant)
(4): Φ(αA+ βB) = αΦ(A) + βΦ(B) for all α, β ∈ C (linear).
When Φ doesn’t satisfy the condition (1), Φ is said to be non-tracial. In this
section we deal with non-tracial positive linear maps. We use the followng
lemma.







≥ 0, (2) A ≥ XB−1X∗, (3) B ≥ X∗A−1X
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Definition 2.2. Let A,B ∈ Mn(C), ρ ∈ Mn,sa(C) and h be a real-valued
function defined on the interval which includes the spectrum of ρ. Then we
define
V arhρ,Φ(A) = Φ(h





2 )− Φ(h 12A∗h 12 )Φ−1Φ(h 12Bh 12 ),
where h(ρ)
1
2 is denoted by h
1
2 and Φ(h(ρ))−1 is denoted by Φ−1.





































































































































Theorem 2.4 (Heisenberg Type). We assume that Φ(Mn(C)) is commutative,
that is, Φ(A)Φ(B) = Φ(B)Φ(A) for any A,B ∈ Mn(C). Then for A,B ∈
Mn,sa(C), ρ ∈ Mn,sa(C) and positive real-valued continuous function h defined












2 ) V arhρ,Φ(B)
)
≥ 0.
Theorem 2.5 (Schrödinger Type). Under the same condition in Theorem 2.4,
we have(









2 ) V arhρ,Φ(B)
)
≥ 0.














2 )− Φ(h 12Ah 12 )Φ−1Φ(h 12Bh 12 )















2 ) + 2Re{Covhρ,Φ(A,B)}.
By the commutativity of Φ(Mn(C)), we have
|Covhρ,Φ(A,B)|2 = |Re{Covhρ,Φ(A,B)}|2 +
1
4
|Φ(h 12 [A,B]h 12 )|2.
By Theorem 2.3
V arhρ,Φ(A) ≥ Covhρ,Φ(A,B)V arhρ,Φ(B)−1Covhρ,Φ(B,A).
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Since Φ(Mn(C)) is commutative,



































































2 ) V arhρ,Φ(B)
)
≥ 0.


























−Φ(h 12 [A,B]h 12 ) 2V arhρ,Φ(B)
)
.
Then we get Theorem 2.4. □
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3. UR for Tracial positive Linear Maps
Let f, g be real valued functions defined on the interval which include the spec-
tral of ρ ∈ Mn,sa(C). f, g are said to be monotone pair, if (f(x)− f(y))(g(x)−
g(y)) ≥ 0 for all x, y ∈ D. (see [2, 7])





Theorem 3.2. For A ∈ Mn(C), we have If,gρ,Φ(A)+I
f,g
ρ,Φ(A
∗) ≥ 0. In particular,
If,gρ,Φ(A) ≥ 0 for A ∈ Mn,sa(C).
Proof. Let ρ =
n∑
i=1


































































































































































































ρ,Φ (A) ≤ V ar
fg
ρ,Φ(A).
Proof. Let ρ =
∑n
i=1 λiEi be spectral decomposition of ρ. Let λi (i= 1, 2, . . . , n)
be real numbers and Ei, : i = 1, 2, . . . , n be ortogonal projections satisfying
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(by using thetracial condition of Φ),








































(by using the monotone pairness of f, g),

































































Corollary 3.7. For ρ ∈ Mn,+(C), A ∈ Mn,sa(C), we have
Iαρ,Φ(A) ≤ I
1/2
ρ,Φ(A) ≤ V arρ,Φ(A).
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